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GENERALIZED GRADED HECKE ALGEBRA FOR COMPLEX REFLECTION
GROUP OF TYPE G(r, 1, n)
C. DEZÉLÉE
Abstrat. We study an algebra similar to a graded Heke algebra, assoiated to a omplex re-
etion group of type G(r,1,n) and isomorphi to a subalgebra of the sympleti reetion algebra.
We dene prinipal series modules over it and prove an irreduibility riterion for them.
0. Introdution
Let G ⊂ U(V ) be a nite omplex reetion group ating over a n-dimensional hermitian spae V .
We denote by R the set of its reetions. Reall that G ats naturally over P = S(V ), S = S(V ∗),
and over R by onjugation. Let k : R → C be a G-invariant parameter-funtion. We an onsider
two C-algebras assoiated to these data:
• The sympleti reetion algebra H(G, k), also alled rational Cherednik algebra in this ase
(see [8℄, [9℄, [11℄) whih is a two step degeneration of the double ane Heke algebra, isomorphi to
P ⊗ CG⊗ S as a vetor spae.
• The graded Heke algebra HDr(G, k) dened by Drinfeld (f. [3℄) and isomorphi to P ⊗CG as
a vetor spae.
It is well known that HDr(G, k) is isomorphi to a subalgebra of H(G, k) when G is a Weyl
group of type A. In [2℄, we introdued a generalized graded Heke algebra whih an be realized
as a subalgebra of H(G, k) when G is a Weyl group of type B or D, and studied its representation
theory.
Moreover, when G is a ertain kind of wreath-produt, the representation theory of the Chered-
nik algebra H(G, k) is linked to the ring of polynomial dierential operators over the spae of
representations of a quiver assoiated to G via the MKay orrespondane (f.[7℄, [10℄).
This motivates the researh of a generalization of graded Heke algebras assoiated to a wreath-
produt whih ould be realized in the assoiated sympleti reetion algebra.
In [16℄, A. Ram and A.V. Shepler lassied the graded Heke algebras assoiated to omplex
reetion groups obtained by Drinfeld's onstrution. For type G(r, 1, n), r > 2, n > 3, there is
no non-trivial onstrution. In these ases, the authors dene a new algebra H(r, n), isomorphi to
S(V )⊗ CG and ontaining the algebra CG.
Date: 4 mai 2006.
2000 Mathematis Subjet Classiation. 16Sxx, 20Cxx, 17Bxx.
Key words and phrases. Complex reexion groups, Heke algebras, prinipal series, sympleti reetion algebra.
1
In this paper, we show that the algebra dened by Ram and Shepler (up to a deformation by the
parameter k) an be realized in the assoiated sympleti reetion algebra H(G, k). This allows
us to study representation theory for this new algebra Hk(r, n), as in [2℄.
In setion 1, we reall denition and PBW theorem for the sympleti reetion algebra and give
the denition of the generalized graded Heke algebra Hk(r, n) assoiated to a omplex reetion
groups G of type G(r, 1, n). In paragraph 1.3 we realize Hk(r, n) as a subalgebra of H(G, k) using a
onvenient family of ommuting elements in H(G, k). This allows us to prove a PBW for Hk(r, n),
to alulate its enter Zk(r, n) and to identify its largest ommutative subalgebra C ≃ P
G⊗Z(CG)
(f. setion 2). Then we an dene the prinipal series module Mk(γ ⊗ τ) by indution from the
irreduible C-module of harater γ⊗τ ; eah irreduible Hk(r, n)-module is a quotient of a prinipal
series module (f. setion 3.2).
An irreduibility riterion for M(γ⊗ τ), involving k, τ and γ, is given in Theorem 4.9, by redution
to the ase of a prinipal series module over a graded Heke algebra assoiated to a Weyl group.
1. Preliminaries
Let V be a n-dimensional hermitian spae and G a omplex reetion group of type G(r, 1, n).
We denote by A the set of hyperplanes of omplex reetions in G. Let ξ be a primitive root of
unity of order r.
There exists an orthonormal basis v1, . . . , vn of V suh that A = {Hs, H
t
i,j/ 1 ≤ s, i 6= j ≤ n, 0 ≤
t ≤ r − 1}, where Hs = V ect{vi/ i 6= s} and H
t
i,j = V ect{ξ
tvi + vj , vs/ s 6= i, s 6= j}.
We denote by ξi the omplex reetion with Hi as eigenspae for the eigenvalue ξ, and by s
[j]
u,v the
only omplex reetion stabilizing Hju,v, for 1 ≤ i, u 6= v ≤ n, 0 ≤ j ≤ r − 1.
Notie that the set R of omplex reetions in G is {ξti , s
[m]
u,v/ 1 ≤ i, u 6= v ≤ n, 1 ≤ t ≤ r − 1, 0 ≤
m ≤ r − 1}.
Let k : R :→ C be a G-invariant parameter-funtion. For eah t ∈ {1, . . . , r − 1} we denote by
kt its value over all ξ
t
i , 1 ≤ i ≤ n, and we denote by k¯0 its value over all s
[j]
u,v, 1 ≤ u 6= v ≤ n,
j ∈ {0, . . . , r − 1}.
Let α1, . . . , αn ∈ V
∗
be the dual basis of v1, . . . , vn aording to the hermitian struture of V . We
note v
[t]
i,j =
ξ−tvi − vj
ξ−2t + 1
and α
[t]
i,j = ξ
−tαi − αj , for 1 ≤ i 6= j ≤ n and 1 ≤ t ≤ r − 1.
1.1. Sympleti reetion algebra. The sympleti reetion algebra H(G, k) assoiated to
these data is generated by x ∈ V ∗, y ∈ V and g ∈ G with the following dening relations (f.
[8℄, [9℄,[11℄):
g.x.g−1 = g(x), g.y.g−1 = g(y), [x1, x2] = 0, [y1, y2] = 0, ∀y1, y2 ∈ V, ∀x1, x2 ∈ V
∗,
[y, x] =< y, x > −
r−1∑
t=1
kt
n∑
i=1
< y,αi >< vi, x > ξ
t
i − k¯0
r−1∑
m=0
∑
1≤i 6=j≤n
< y,α
[m]
i,j >< v
[m]
i,j , x > s
[m]
i,j .
This algebra ontains P, S and CG as subalgebras and verify a PBW property (see e.g. [8,
Theorem 1.3℄ ), whih an be expessed by the following isomorphism of vetor spaes:
(1.1) H(G, k) ≃ P ⊗ CG⊗ S.
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For any omplex reetion group G ⊂ U(V ) and any funtion-parameter k, we denote by D(G, k)
the subalgebra of H(G, k) generated by G and the elements viαi, 1 ≤ i ≤ n.
This algebra is a generalization for omplex reetion group of the algebra D dened in [2℄ for
G a Weyl group. It has been notied (e.g. in [1℄) that D is a graded Heke algebra, as dened by
Lusztig, when G has type A (r = 1).
1.2. Generalized graded Heke algebra. Let V0 be a n-dimensional hermitian spae and G ⊂
U(V0) a omplex reetion group of type G(r, 1, n). Then V0 is endowed with e1, . . . , en an or-
thonormal basis suh that for u 6= v ∈ {1, . . . , n}, the reetion (u, v) exhanging eu and ev belongs
to G, and for eah i ∈ {1, . . . n}, the reetion θi, of matrix diag(1, . . . , 1, ξ, 1, . . . , 1) in the basis
e1, . . . , en with ξ in i
th
position, belongs to G.
We denote by Sn the symmetri group generated by the (u, v) ∈ G, and by T ≃ (Z/rZ)
n
the
subgroup of G generated by the θi, 1 ≤ i ≤ n.
Notie that the reetions θ1 and (i, i + 1), 1 ≤ i ≤ n− 1, generate G, and that G ≃ T ⋊ Sn.
Fix c0 ∈ C.
We dene a funtion-parameter c˜ from the set of reetions of Sn to CT . For eah 1 ≤ u 6= v ≤ n,
we note :
(1.2) c˜(u,v) =
c0
2
r−1∑
i=i
θiuθ
−i
v + θ
−i
u θ
i
v.
Notie that c˜ is Sn-equivariant and that in the basis e1, . . . , en, c˜(i,j) has a diagonal matrix with 0
in the ith and jth positions, and with 1 anywhere else.
The algebra H(G, c0) is generated by the e1, . . . , en and tg, g ∈ G, with the following relations :
(1.3) [ei, ej ] = 0, tutv = tuv ∀i, j, ∀u, v ∈ G
(1.4) tθiej = ejtθi ∀i, j ∈ {1, . . . , n},
(1.5) t(j,j+1)ei = eit(j,j+1) ∀i, j, / i 6= j, i 6= j + 1,
(1.6) t(i,i+1)ei = ei+1t(i,i+1) − c˜i,i+1t(i,i+1), ∀i ∈ {1, . . . , n− 1}.
Notie that when r = 1, H(G, k) is the graded Heke algebra of type A dened by Lusztig ([13℄).
When r = 2, H(G, k) is the generalization of graded Heke algebra studied in [2℄.
1.3. Realization in the sympleti reetion algebra. From now on, G is a omplex reetion
group of type G(r, 1, n), we use the previous notations. For j ∈ {1, . . . , n}, we dene the following
elements in H(G, k) :
(1.7) Dj(G, k) = vjαj −
∑
1≤i<j
k˜(i,j)s
[0]
i,j,
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where k˜(i,j) =
k¯0
2
r−1∑
m=0
ξmi ξ
−m
j + ξ
m
j ξ
−m
i .
We will simply denote Di(G, k) by Di. As in the ase r = 2 (f. [12℄ and [2℄), these operators
veries the following relations in H(k) :
(1.8) DiDj = DjDi, ∀i, j ∈ {1, . . . , n}.
(1.9) Diξj = ξjDi, ∀i, j ∈ {1, . . . , n}.
(1.10) s
[0]
j,j+1
Di = Dis
[0]
j,j+1
∀i, j, i 6= j, i 6= j + 1,
(1.11) s
[0]
i,i+1
Di = Di+1s
[0]
i,i+1
− k˜i,i+1s
[0]
i,i+1
, ∀i ∈ {1, . . . , n− 1}.
Notie that D(G, k) is the subalgebra of H(G, k) generated by G and the elements Di, 1 ≤ i ≤ n.
These elements allow us to realize H(G, k¯0) in H(G, k).
Proposition 1.1. There is an isomorphism of algebras ψ : H(G, k) → D(G, k¯0) given by ψ(ei) =
Di(G, k), ψ(tθi) = ξi, ψ(t(u,v)) = s
[0]
u,v for 1 ≤ i, u 6= v ≤ n.
Proof. Sine the Di's are learly linearly independant, we only have to verify that the Di's and the
elements of G obey the relations 1.3, 1.4, 1.5, 1.6 in H(k), whih is a obvious with relations 1.8,
1.9,1.10, 1.11. 
Notie that H(G, c0) an be realized in any algebra H(G, k) suh that k¯0 = c0. From now on, we
will denote H(G, k¯0) by Hk(r, n) and identify it to the subalgebra D(G, k) of H(G, k).
2. Basi properties
Thanks to the previous realization, we an prove a PBW property for Hk(r, n).
Proposition 2.1. As vetor-spaes : Hk(r, n) ≃ S(V0)⊗ CG.
Proof. From now on, we an identify V0 to the subspae
⊕n
j=1CDj in H(G, k), via ψ. Sine the
Di's ommute and sine H(G, k) verify a PBW property, they generate a subalgebra of H(G, k)
isomorphi to S(V0). Then the proposition is shown in a similar way than in [2℄, Lemma 1.2 and
Theorem 1.3. 
Let us preise now the ommutation relations in Hk(r, n) as we did in [2, Lemma 1.4℄. For
w ∈ Snand i, j ∈ {1, . . . , n} , we note w ∗ i = j if w(ei) = ej . Reall that the inversion set of w ∈ Sn
is R(w) = {{i, j}, 1 ≤ i < j ≤ n/w ∗ j < w ∗ i}.
Lemma 2.2. For all ζ ∈ V0 and w ∈ Sn, we have the following relation in Hk(r, n):
wζ = w(ζ)w −
∑
{i,j}∈R(w−1)
< v
[0]
i,j , w(ζ) > (i, j)wk˜w−1∗i,w−1∗j .
Proof. Sine the multipliity k˜ is Sn-equivariant and ommutes with the elements of V , one an
prove the formula in the same way as in [15, Proposition 1.1(1)℄ in the graded Heke algebra ase. 
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Notie that the enter Z(G) of CG is CT Sn , sine the elements of T are Sn-equivariant and sine
T is the larger ommutative subgroup in G. Thanks to Proposition 2.1, Lemma 2.2 and with the
method used in [2, Theorem 1.8℄, we an now alulate the enter of Hk(r, n).
Proposition 2.3. The enter Zk(r, n) of the algebra Hk(r, n) is isomorphi via ψ to S(V0)
Sn⊗CT Sn.
From now on we simply denote by (i, j) ∈ H(G, k) the reetion s
[0]
i,j exhanging vi and vj in V .
3. Representation theory of Hk(r, n)
Generalizing the ase of type A (r = 1), we dene some prinipal series module over Hk(r, n).
3.1. Weights of nite dimensional Hk(r, n)-modules. Notie that the larger ommutative sub-
algebra C in Hk(r, n) is S(V0) ⊗ CT , so any algebra morphism γ˜ : S(V0) ⊗ CT → C is determined
by a linear form γ ∈ V ∗0 and a harater µ ∈ T
∨
; we will denote it by γ ⊗ µ. Thus we have
(γ ⊗ µ)(v ⊕ t) = γ(v)µ(t), for all v ∈ V0, t ∈ CT . We denote by C
∨ = {γ ⊗ µ : γ ∈ V ∗0 , µ ∈ T
∨}
the set of haraters of C.
Let M be a nite dimensional Hk(r, n)-module and x ν˜ ∈ C
∨
. The weight subspaes and
generalized weight subspaes of M assoiated to ν˜ are respetively:
Mν˜ = {m ∈M : ∀a ∈ C, a.m = ν˜(a)m}
and
Mgenν˜ = {m ∈M : ∀a ∈ C, ∃k ∈ N, (a− ν˜(a))
k.m = 0}.
We will say that ν˜ is a weight of M if Mgenν˜ 6= 0 (or equivalently Mν˜ 6= 0).
3.2. Automorphisms and anti-automorphisms in Hk(r, n). Let us reall some notations and
fats used in [2℄. For any C-algebra R, we denote by R-Mod, resp. Mod-R, the ategory of the left,
resp. right, R-modules. The lattie (for the inlusion order) of the submodules of M ∈ R-Mod is
denoted by LR(M), and the length of M is denoted by lgR(M).
Let S be another C-algebra and N ∈ S-Mod; if there exists an isomorphism of C-vetor spaes
f : M → N suh that X 7→ f(X) is a lattie isomorphism between LR(M) and LS(N), then we
will denote this fat by LR(M) ∼= LS(N).
If M,N ∈ R-Mod have nite length and if LR(M) ∼= LS(N) by f , then eah omposition series
of M is learly sent by f onto a omposition series of N , thus the lgR(M) = lgR(N).
Reall that for all M ∈ R-Mod and κ ∈ AutC(R), we an dene a twisted module
κM ∈ R-Mod
in the following way:
κM = M as a C-vetor spae, endowed with the ation a  u = κ(a).u for
a ∈ R,u ∈M . Observe that any anti-automorphism ι on the C-algebra R provides an isomorphism
between R-Mod and Mod-R: we turn M ∈ R-Mod into a right R-module M ι by puting M ι = M
as C-vetor spae and u.a = ι(a).u for all u ∈M , a ∈ R.
Then the dual M∗ = HomC(M,C) an be endowed with a left R-module struture by the formula
< a.f, u > = < f, ι(a).u > for all a ∈ R, f ∈M∗, u ∈M .
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Notie that if ι is involutive then, for all M ∈ R-mod, the anonial bijetion cM : M → M
∗∗
is
an R-module isomorphism; in partiular lgR(M) = lgR(M
∗).
These remarks apply to R = Hk(r, n) in the following ases:
(1) Eah w ∈ G denes an inner automorphism on Int(w) : a 7→ waw−1; we will denote by wM the
module twisted by Int(w).
(2) The determinant in GL(VO) denes a harater det : G → Ur × {±1}, where Ur denotes the
subgroup of rth-roots of unity in C∗ . In partiular, det provides an element of T∨.
The map δ : x 7→ det(x)x, x ∈ T , indues an automorphism on CT suh that δ(k˜i,j) = k˜i,j for all
i, j. We obtain an automorphism on Hkr, n by extending δ as follows:
δ(v) = v, δ(θ) = det(θ)θ, δ((i, j)) = (i, j),
for all v ∈ V0, θ ∈ T, 1 ≤ i 6= j ≤ n.
(3) One easily heks that the formulas below dene an involutive anti-automorphism ι over Hk(r, n):
(3.1) ι(Di) = −Di, ι(g) = det(g)g
−1, ∀i ∈ {1, . . . , n}, ∀g ∈ G.
In partiular, it follows from (3) that Hk(r, n)-Mod ≃ Mod-Hk(r, n).
3.3. Prinipal series modules. We dene for Hk(r, n), as for a graded Heke algebra, some
prinipal series modules for whih we will prove an irreduibility riterion in the next setion.
For all γ˜ = γ ⊗ µ ∈ C∨ we denote by wγ˜ = wγ ⊗ wµ the diagonal ation of w ∈ Sn, and let Cmγ˜
be the one dimensional C-module dened by: a.mγ˜ = γ˜(a)mγ˜ for all a ∈ C. The prinipal series
Hk(r, n)-module M(γ˜) assoiated to γ˜ is the indued module:
(3.2) M(γ˜) = Hk(r, n)⊗C Cmγ˜ .
Clearly, {w ⊗ mγ˜ : w ∈ Sn} is a basis of M(γ˜), and this basis an be endowed with an order
ompatible with the length ℓ on Sn dened by the set of simple reetions (i, i+ 1), 1 ≤ i ≤ n− 1.
Aording to Lemma 2.2, for all ζ ∈ V , θ ∈ T and w ∈ Sn, one has:
ζθw ⊗mγ˜ =
wγ˜(ζθ)w ⊗mγ˜ −
∑
{u,v}∈R(w−1)
wµ(k˜u,vθ) < α
∨, ζ > (u, v)w ⊗mγ˜ .
Sine ℓ((u, v)w) < ℓ(w) for all {u, v} ∈ R(w−1), the elements of C all have an upper triangular
matrix in the basis {w ⊗mγ˜ : w ∈ Sn} ordered by the length ℓ, and the weights of M(γ˜) are the
{wγ˜ : w ∈ Sn}.
The next proposition implies in partiular that simple Hk(r, n)-modules are n!-dimensional at most.
Proposition 3.1. Let M be an irreduible Hk(r, n)-module and let γ˜ be a weight of M . Then M
is a quotient of M(γ˜).
Proof. Fix vγ˜ ∈Mγ˜ r {0}; thus Cvγ˜ is an irreduible C-module of harater γ˜. Sine the indution
is the adjoint funtor of the restrition, there exists a unique morphism of Hk(r, n)-modules from
M(γ˜) to M sending 1⊗mγ˜ onto vγ˜ . Sine M is irreduible this morphism is surjetive and M . 
Reall that we an endow the dual ofM ∈ Hk(r, n)-mod with a Hk(r, n)-module struture dened
by the anti-automorphism ι, and that we an twist M by δ, see 3.2.
We will denote by w0 the longest element in Sn. For all γ˜ = γ ⊗ µ ∈ C
∨
we put
γ˜∗ = (−w0γ)⊗ (−w0µ).
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Proposition 3.2. Fix γ˜ = γ ⊗ µ ∈ C∨. Then:
δM(γ˜) ≃M(γ ⊗ (−µ)), M(γ˜)∗ ≃M(γ˜∗).
Eah irreduible Hk(r, n)-module is a submodule of a prinipal series module.
Proof. The proof is similar than in ase r = 2 (f. [2, Proposition 2.2℄). 
Proposition 3.3. Fix γ˜ = γ ⊗ µ ∈ C∨ and w ∈ Sn. There exists an isomorphism of Hk(r, n)-
modules
M(γ˜) ∼−−→wM(γ˜), tg ⊗mγ˜ 7→ twg ⊗mγ˜ .
Proof. Thanks to Lemma 2.2, the proof is similar than in [2, Proposition 2.3℄. 
3.4. Criterion inWeyl groups' ase. Let V1 be a n-dimensional hermitian spae. LetW ⊂ U(V1)
be a Weyl group of root system R and x a set S of simple root in R. Let c : R→ C a W -invariant
funtion.
We reall here the denition and irreduibility riterion of prinipal series modules over the graded
Heke algebra assoiated to W ⊂ U(V1), S and c (f. [14℄). We will denote by Hgr = Hgr (c, S, V1)
this algebra.
We denote by M(λ) the prinipal series Hgr -module assoiated to λ ∈ V
∗
1 . We set
P (λ) = {α ∈ R : λ(α) = ±cα}.
Thus we have the following irreduibility riterion (f. [14, Theorem 2.10℄): the prinipal series
Hgr (c)-module M(λ) is irreduible if and only if P (λ) = ∅.
For all w ∈W we an twist M(λ) by Int(w) ∈ Aut(Hgr (c)) to dene the Hgr (c)-module
wM(λ).
Remark 3.4. Let λ, γ ∈ V ∗1 . Assume that M(λ) ≃ M(γ); then γ is a weight of M(λ) and therefore
γ ∈ W.λ = {wλ : w ∈ W}. It follows from [14, Proposition 2.7℄ that if M(λ) is irreduible, so
is M(wλ) for all w ∈W . Thus, when M(λ) is irreduible:
M(λ) ≃ M(γ)⇐⇒ γ ∈W.λ.
A proof similar to the Proposition 3.3 yields :
Proposition 3.5. Fix λ ∈ V ∗1 and w ∈W . There exists a Hgr(c)-module isomorphism
M(λ) ∼−−→wM(λ), tg ⊗mλ 7→ twg ⊗mλ.
4. Irreduibility riterion
4.1. Notation. For any µ ∈ T∨, we and denote by Sn(µ) the stabilizer of µ in Sn. We denote by
Hk(µ) the subalgebra of Hk(r, n) generated by V0, Sn(µ) and T .
Fix ν˜ = ν ⊗̟ ∈ C∨.
Let Ψ : Hk(r, n) → End(M(ν˜)) be the representation of Hk(r, n) in M(ν˜). We denote by
a.v = Ψ(a)(v) the ation of a ∈ Hk(r, n) on v ∈M(ν˜).
For eah s ∈ {1, . . . , n}, we denote by ̟s the unique integer in {0, . . . , r − 1} suh that ̟(ξs) =
ξ̟s , and for eah j ∈ {0, . . . , r − 1} we denote by ̟[j] the ardinal of {m/̟m = j}. Then ̟ is
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determined by the n-index (̟1,̟2, . . . ,̟n), and its orbit over the ation of Sn is determined by
the r-index ̟ = (̟[0],̟[1], . . . ,̟[r−1]).
The r-ompositions m = (m0, . . . ,mr−1) of n (with 0 ≤ mi ≤ r − 1) parameterize the set of
Sn-orbits in T
∨
.
We denote by µm ∈ T
∨
the element of the Sn-orbit orresponding to m suh that : µm(ξi) = 1
for 1 ≤ i ≤ m0, and µm(ξi) = ξ
j
, for
j−1∑
s=0
ms < i ≤
j∑
s=0
ms and j ∈ {1, . . . , r − 1}.
Notie that for ̟ ∈ T∨, there exists σ ∈ Sn suh that
σ̟ is the harater determined by the
n-index (0̟
[0]
, 1̟
[1]
, . . . , (r − 1)̟
[r−1]
), that is µ̟. . Moreover we an hoose σ suh that R(σ
−1)
only ontains some elements {i, j} with ̟i 6= ̟j .
Notie we have, for any {i, j} ∈ R(σ−1):
(4.1) ̟(k˜i,j) =
k¯0
2
r−1∑
m=0
ξm(̟i−̟j) + ξm(̟j−̟i) = 0.
Conversely For any (u, v) ∈ Sn(̟), sine ̟u = ̟v, we have:
(4.2) ̟(k˜u,v) =
k¯0
2
r−1∑
m=0
ξ0 + ξ0 = rk¯0.
From now on, we will simply denote
σ̟ = (0̟
[0]
, 1̟
[1]
, . . . , (r − 1)̟
[r−1]
) by µ̟ (whih only
depends on the Sn-orbit of ̟).
We denote by Hk(̟) the subalgebra of Hk(r, n) generated by V0, Sn(̟) and T . Let {w1 =
id, w2, .., ws} be a set of representatives of Sn/Sn(̟).
Remark 4.1. The haraters
wj̟, j = 1, . . . , s are pairwise distint. A standard argument implies
then that the linear forms
wjµ ∈ (CT )∗ are linearly independant. Thus there exists some elements
yi ∈ T , i = 1, . . . , s, suh that the matrix [
wj̟(yi)]1≤i,j≤s is invertible.
For all j ∈ {1, .., s}, we dene the following subspae of M(ν˜):
Ej(ν˜) =
⊕
w∈Sn(̟)
Cwjw ⊗mν˜ .
Notie that
E1(ν˜) =
⊕
w∈Sn(̟)
Cw ⊗mν˜ , Ej(ν˜) = wj.E1(ν˜).
One has M(ν˜) =
⊕s
j=1Ej(ν˜) and this deomposition is the isotypial deomposition of the T -
module M(γ˜): the group T ats on Ej(γ˜) by the harater
wj̟.
Notie that Sn(µ̟) is a Weyl group W̟ of type A̟[0]−1 ×A̟[1]−1 × · · · ×A̟[r−1]−1, with the
onvention that Ap does not appear if p < 0.
For eah i ∈ {0, . . . , r − 1}, we put pi =
i∑
t=0
̟[t] We denote by S = {βi = vi − vi+1, 1 ≤ i ≤ n− 1}
the set of simple roots in Sn assoiated to the lenght ℓ. Then S̟ = S r {βpi , 0 ≤ i ≤ r − 1} is a
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set of simple roots for W̟. Therefore Sn(̟) = σSn(µ̟)σ
1
is a Weyl group with a basis of simple
roots given by σ(§̟).
4.2. Restrition to E1(γ˜). Reall that for M ∈ Hk(r, n)-Mod and w ∈ Sn,
wM denotes the
Hk(r, n)-module twisted by the ation of Int(w) (see 3.2).
Proposition 4.2. Let γ˜ = γ⊗̟ ∈ C∨. Fix w ∈ Sn. Suppose that µ(k˜i,j) = 0 for all {i, j} ∈ R(w
−1).
Then the map φ : M(w
−1
γ˜) → wM(γ˜), given by φ(g ⊗mw−1γ˜) = wgw
−1 ⊗mγ˜ for all g ∈ Sn, is an
isomorphism of Hk(r, n)-modules.
Proof. Sine {g ⊗ mγ˜ = w
−1gw  (1 ⊗ mγ˜ , g ∈ W} is a basis of the spae M(γ˜) =
wM(γ˜), the
element 1 ⊗mγ˜ generates
wM(γ˜). The group T ats on 1 ⊗mγ˜ ∈
wM(γ˜) by the harater w
−1
̟.
Then using Lemma 2.2 and (4.1) in this ase, we notie that 1 ⊗ mγ˜ has weight
w−1γ˜ in wM(γ˜).
By the universal property of indution, there exists a unique surjetive Hk(r, n)-morphism φ from
M(w
−1
γ˜) onto wM(γ˜) sending 1⊗mw−1γ˜ to 1⊗mγ˜ . Sine these two modules are both n!-dimensional,
φ is bijetive. Now for g ∈ Sn one has :
φ(g⊗mw−1γ˜) = φ(g.(1⊗mw−1γ˜)) = g φ(1⊗mw−1γ˜) = wgw
−1.(1⊗mγ˜) = wgw
−1⊗mγ˜ , whih ends
the proof.

Corollary 4.3. (1) The map φ : M(σγ˜) → σ
−1
M(γ˜) given by φ(g ⊗ mσγ˜) = σ
−1gσ ⊗mγ˜, for all
g ∈ Sn, is an isomorphism of Hk(r, n)-modules.
(2) There exists an isomorphism:
σφ : M(σγ˜) ∼−−→M(γ˜) suh that σφ(g ⊗mσγ˜) = gσ ⊗mγ˜ .
Proof. (1) follows diretly from (4.1) and previous proposition applied with w = σ−1. (2) Propo-
sition 3.3 provides an isomorphism from
σ−1M(γ˜) on M(γ˜) whih sends u ⊗mγ˜ onto σu ⊗mγ˜ ; by
omposing it with φ we obtain the required isomorphism σφ. 
The seond assertion of Corollary 4.3 shows that it is equivalent to study the Hk(r, n)-module
M(ν˜) or the module M(σν˜). We will see that E1(ν˜) an be endowed with a struture of Hk(̟)-
module whih determines the struture of M(ν˜) (f. Proposition 4.5).
Lemma 4.4. The restrition of Ψ to Hk(̟) equips E1(ν˜) with a struture of HB(ν˜)-module.
Proof. Obviously E1(ν˜) is stable under the ations of T and Sn(̟). Thus it remains to prove that
E1(ν˜) is stable under the ation of V ; sine the elements of V and T ommute in Hk(r, n), this
result follows from the fat that E1(ν˜) is the isotypial omponent of type ̟ of the T -moduleM(ν˜).

4.3. Isomorphism of latties. Fix γ˜ = γ ⊗̟ ∈ C∨.
We want to show that the latties LHk(r,n)(M(γ˜)) and LHk(̟)(E1(γ˜)) are isomorphi. Observe
rst that PBW-property for Hk(r, n) and CSn(̟)⊗CT ⊗ S(V0) ⊂ Hk(̟) imply
Therefore
(4.3) Hk(r, n) =
s∑
j=1
wjHk(̟).
Proposition 4.5. The module M(γ˜) is isomorphi to Hk(r, n) ⊗Hk(̟) E1(γ˜).
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The maps Y → Hk(r, n)⊗Hk(̟)Y and X → X ∩E1(γ˜) are inverse bijetions from LHk(̟)(E1(γ˜))
onto LHk(r,n)(M(γ˜)).
In partiular, one has:
lgHk(r,n)M(γ˜) = lgHk(̟)E1(γ˜).
Proof. The proof is similar to the ase r = 2 (f. [2, Proposition 3.5℄).

Remark 4.6. Observe that the previous proposition ensures that the Hk(r, n)-moduleM(γ˜) is simple
if and only if the Hk(̟)-module E1(γ˜) is simple. Using Corollary 4.3, we onlude that the studies
of M(γ˜), E1(γ˜), M(
σγ˜) and E1(
σγ˜) are all equivalent to eah other.
4.4. Case µ = µ̟. In this setion we assume that γ˜ = γ ⊗ µ̟ ∈ C
∨
.
Denote by Hgr (̟) the graded Heke algebra assoiated to the Weyl group W = Sn(µ̟), to the
set of simple roots S̟ in V1 = V0 and to the onstant multipliity c = rk¯0 (f. 3.4).
For γ ∈ V ∗0 , M̟(γ) will denote the prinipal series module on Hgr (̟) assoiated to γ (i.e. M̟(γ)
is the module M(γ) dened in [14℄.
Let I = Ker(µ̟) be the ideal of CT generated by the x − µ̟(x), x ∈ T . Sine the elements of
V and T ommute, the left ideal Hk(µ̟)I is a two-sided ideal.
Thus we an dene the algebra
Hk(µ̟) = Hk(µ̟)⊗CT (CT/I) = Hk(µ̟)/Hk(µ̟)I.
Sine the group Sn(µ̟) is generated by the simple reetions in S(̟), it follows from (1.6) and
PBW-property that Hk(µ̟) = S(V0) ⊗ CSn(µ̟) ⊗ CT . As CT/I is a one dimensional T -module
(of harater µ̟), there exists an isomorphism of S(V0)-modules:
Hk(µ̟) ≃ S(V0)⊗ CSn(µ̟).
Notie that the dening relation (1.6) of Hk(r, n) and (4.2) yield, in Hk(µ̟):
(i, i + 1)D¯i = ¯Di+1(i, i+ 1)− rk¯0,
for all i ∈ {1, . . . , n} r {pi, 0 ≤ i ≤ r − 1}. (Here D¯i stands for the image of Di in the quotient
Hk(µ̟).)
These relations oinide with those dening the graded Heke algebra Hgr (̟). Thus we have a
surjetive morphism of algebras
F : Hgr (µ̟) → Hk(µ̟), dened by F (ζ) = ζ (mod Hk(µ̟)I) and F (w) = w (mod HB(µi)I)
for ζ ∈ V , w ∈ Sn(µ̟). Sine Hgr (̟) and Hk(µ̟) are both isomorphi to S(V0) ⊗ CSn(µ̟) as
S(V0)-modules, F is an isomorphism.
Observe that T ats on the Hk(µ̟)-module E1(ν˜) by the harater µ̟, thus E1(γ˜) an be viewed
as a Hk(µ̟)-module.
Lemma 4.7. The map f : M(γ) → E1(γ˜) dened by f(tw ⊗ mγ) = tw ⊗ mγ˜ is an isomorphism
whih intertwines, via F , the ations of Hgr (̟) and of Hk(µ̟).
Proof. Thanks to the isomorphism F , E1(ν˜) an be endowed with a Hgr (̟)-module struture for
whih it is generated by the vetor 1 ⊗ mγ˜ . This vetor has weight γ under the ation of S(V0).
Thus the universal property of M(γ) ensures the existene and the surjetivity of the intertwining
operator f . Sine both E1(γ˜) and M(ν) are |Sn(µ̟)|-dimensional, f is bijetive.

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By Lemma 4.7, we an identify the Hgr (̟)-module M(γ) and the HB(µ̟)-module E1(γ˜), in
partiular we have:
(4.4) LHgr (̟)(M(γ))
∼= LHk(µ̟)(E1(γ˜)), lgHgr (̟)M(γ) = lgHk(µ̟)E1(γ˜).
Now we apply this to ν˜ = ν ⊗̟ ∈ C∨.
Applying (4.4) to γ˜ = σν˜ = σν ⊗ µ̟ and using Corollary 4.3, one obtains:
Proposition 4.8. (Same notations.) One has
LHk(̟)(E1(ν˜))
∼= LHgr (̟)(M(
σν)), lgHk(̟)E1(ν˜) = lgHgr (̟)M(
σν).
In partiular, E1(ν˜) is an irreduible Hk(̟)-module if, and only if, M(
σν) is an irreduible
Hgr (̟)-module.
4.5. Irreduibility riterion. We an now obtain an irreduibility riterion for the module M(ν˜).
Reall that ν˜ = ν ⊗̟ ∈ C∨ and that σ ∈ Sn denote the spei permutation introdued in 4.1.
As in [14, Theorem 2.10℄, we set, for all γ ∈ V ∗0 :
P̟(γ) = {(i, j) ∈ Sn(µ̟) : ν(Di −Dj) = ±rk¯0}.
Theorem 4.9. The following assertions are equivalent:
(i) M(ν˜) is a simple Hk(r, n)-module;
(ii) M(wν˜) is a simple Hk(r, n)-module for all w ∈ Sn;
(iii) P̟(
σν) = ∅.
Proof. We have shown that
M(ν˜) simple ⇐⇒M(σν˜) simple ⇐⇒ E1(ν˜) simple ⇐⇒M(
σν˜) simple,
f. Remarque 4.6, Proposition 4.8.
Therefore, by [14, Theorem 2.10℄, (i) is equivalent to (iii).
Sine (ii) ⇒ (i) is obvious, it remains to prove (i) ⇒ (ii).
Assume that M(ν˜) is simple, i.e. M(σγ) simple. Let τ ∈ Sn be suh that
τwµ = µ̟ =
σµ. Then
x = τwσ−1 ∈ Sn(µ̟) and we know that:
M(wν) simple ⇐⇒ M(τwν) simple
(f. [14, Proposition 2.7℄).
Sine x ∈ Sn(µ̟)), it follows from Remark 4.6 , that Mi(
σγ) simple implies M(xσγ) = M(τwγ)
simple. Hene the result.

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